Abstract A concept of quasi-metrizability with respect to a bornology of a generalized topological space in the sense of Delfs and Knebusch is introduced. Quasimetrization theorems for generalized bornological universes are deduced. A uniform quasi-metrizability with respect to a bornology is studied. The class of locally small spaces is considered and a possibly larger class of weakly locally small spaces is defined. The proofs and numerous examples are given in ZF. An example of a weakly locally small space which is not locally small is constructed under ZF+CC. Several categories, relevant to generalized bornological universes, are defined and shown to be topological constructs.
Introduction
Many mathematicians have already studied generalized topological spaces in the sense of Császár's article [4] . Although our article does not concern Császár's style generalization of topologies, we thank T. Kubiak for turning our attention to the fact that generalizations of topologies such that it is not assumed that finite intersections of open sets are open, appeared in [2] , earlier than in [4] . We are interested in the notion of a generalized topological space in the sense Delfs and Knebusch, introduced in [5] . Unfortunately, only several articles about it have been published so far. We use the abbreviation gts for a generalized topological space in the sense of Delfs and Knebusch. Contrary to simple generalizations of topological spaces given, for example, in [2] and [4] , the notion of a gts in the sense of Delfs and Knebusch is rather complicated since it originates from a categorical concept of Grothendieck topology (cf. [5] , [16] ). The present work is the first study of problems relevant to quasi-metrizability in the class of Delfs and Knebusch gtses under the basic set-theoretic assumption of ZF and its consistency. To avoid misunderstandings, let us make it more precise what ZF is in this article. Since part of our results concern proper classes in category theory, while it is disturbingly assumed in [14] that proper classes do not exist (cf. pages 14 and 34 of [14] ), so far as ZF is concerned, we follow [15] and assume the existence of a universe U (cf. pages 22 and 23 of [15] ). Sets in the sense of [15] are called totalities or collections.
A class is a collection u ⊆ U. Elements u ∈ U are called U-small sets in [15] . We denote by ZF the system of axioms which consists of the existence of a universe U and axioms 0-8 from pages 9-10 of [14] for sets in the sense of [15] . This system does not contain the axiom of choice. From now on, a totality u will be called a set if and only if u is a U-small set. A proper class is a class u such that u / ∈ U. Our notation concerning other set-theoretic axioms independent of ZF that are used in this article is the same as in [8] . We clearly denote the results that are obtained not in ZF but under ZF + CC where CC is the axiom of countable choice (cf. Definition 2.5 of [8] ). Of course, not all axioms of ZF are needed to deduce some results. For instance, our results in ZF that do not involve proper classes, can be deduced from the standard system of axioms 0-8 given on pages 9-10 of [14] .
Let us recall the following definition equivalent to the notion of a gts in the sense of Delfs and Knebusch:
Definition 1.1 (cf. Definition 2.2.2 in [16])
A generalized topological space in the sense of Delfs and Knebusch (abbreviation: gts) is a triple (X, Op X , Cov X ) where X is a set for which Op X ⊆ P(X), while Cov X ⊆ P(Op X ) and the following conditions are satisfied:
(i) if U ⊆ Op X and U is finite, then U ∈ Op X , U ∈ Op X and U ∈ Cov X (where ∅ = X); (ii) if U ∈ Cov X and V ∈ Op X , then {U ∩ V : U ∈ U} ∈ Cov X ; (iii) if U ∈ Cov X and, for each U ∈ U, we have V(U ) ∈ Cov X such that V(U ) = U , then U∈U V(U ) ∈ Cov X ; (iv) if U ⊆ Op X and V ∈ Cov X are such that V = U and, for each V ∈ V there
is a gts, then Op X = Cov X and, therefore, we can identify the gts with the ordered pair (X, Cov X ) (cf.
[16], [18] ). If this is not misleading, we shall denote a gts (X, Cov X ) by X.
In our approach to the problem of how to define a quasi-metrizable gts, we apply bornologies. According to [11] , a bornology in a set X is a non-empty ideal B of subsets of X such that each singleton of X is a member of B. A base of a bornology B is a collection B 0 ⊆ B such that each member of B is a subset of a member of B 0 . A bornology is second-countable if it has a countable base. A bornological universe is an ordered pair ((X, τ ), B) where (X, τ ) is a topological space and B is a bornology in X (cf. Definition 1.2 of [11]). Definition 1.3 A generalized bornological universe is an ordered pair (X, B) where X = (X, Cov X ) is a gts and B is a bornology in the set X.
[12], [6] ). Let d be a quasi-pseudometric on X. The conjugate of d is the
The d-ball with centre x ∈ X and radius r ∈ (0; +∞) is the set B d (x, r) = {y ∈ X : d(x, y) < r}. For a set A ⊆ X and a number δ ∈ (0; +∞), the δ-neighbourhood of A with respect to d is the set [A]
Definition 1.4 (cf. Definition 1.5 of [19] ) Let d be a quasi-(pseudo)metric on a non-empty set X and let A be a subset of X. Then:
In addition, if X = ∅, one can treat d = ∅ as the unique quasi-pseudometric on X and, of course, the empty set should be also called d-bounded in the case of the empty space.
It was shown in Example 1.6 of [19] that, for a quasi-metric d on X, a set A ⊆ X can be both d-bounded and d −1 -unbounded. For a collection A of subsets of a set X, we denote by τ (A) the weakest among all topologies in X that contain A. For a gts (X, Op X , Cov X ), we call the topological space X top = (X, τ (Op X )) the topologization of the gts X (cf. [18] ). Definition 1.6 Suppose that (X, B) is a generalized bornological universe. Then we say that the gts X is B-(quasi)-(pseudo)metrizable or (quasi)-(pseudo)metrizable with respect to B if the bornological universe (X top , B) is (quasi)-(pseudo)metrizable. Definition 1.7 (cf. Definition 1.4 of [19] ) A bornological biuniverse is an ordered pair ((X, τ 1 , τ 2 ), B) where (X, τ 1 , τ 2 ) is a bitopological space and B is a bornology in X.
To a great extent, the present work is a continuation of [19] . Therefore, let us use the terminology of [19] .
Let us formulate our first (quasi)-(pseudo)metrization theorem in the class of gtses which follows from the results of [19] . The notion of a (τ 1 , τ 2 )-characteristic function of a bornology is introduced in Definition 4.4 of [19] . 
In Section 2, we discuss natural bornologies in every gts: the small sets, the relatively compact sets and the relatively admissibly compact sets. Other (quasi)-(pseudo)-metrization theorems for gtses are given in Section 3. The main theorem of Section 3 (Theorem 3.5) gives a necessary and sufficient condition for a gts with its locally small partial topologization to be (quasi)-(pseudo)metrizable with respect to the bornology of small sets. Moreover, a notion of a weakly locally small gts is introduced and a non-trivial example of a weakly locally small but not locally small gts is constructed in every model for ZF + CC in Section 3. Applications of the (quasi)-(pseudo)metrization theorems to numerous examples are shown in Section 4. Finally, in Section 5, we define several new categories relevant to this work and we prove that the newly defined categories are all topological constructs.
So far as gtses are concerned, we use the terminology of [5] , [16] , [17] and [18] .
(ii) the collection Cov X is the generalized topology in X; (iii) an admissible open family in the gts X is a member of Cov X ;
We denote by GTS the category of gtses as objects and strictly continuous mappings as morphisms. The category GTS is a subcategory of the category of Grothendieck sites and their morphisms (cf.
[16], p. 223). Several other categories, relevant to GTS and bornologies, are defined in Section 5.
While we know that GTS is a topological construct (cf. Theorem 2. 
Fundamental bornologies in gtses
In this section, we consider natural bornologies in gtses.
Definition 2.1 (cf. Definitions 2.2.13 and 2.2.25 of [16])
If K is a subset of a set X, then we say that a family U ⊆ P(X) is essentially finite on K if there exists a finite V ⊆ U such that K ∩ U ⊆ V.
The collection of all small sets of a gts X is a bornology in X (cf. Fact 2.2.30 of [16] ). Definition 2.3 For a gts X, the small bornology of X is the collection Sm(X) of all small sets in X.
Sm(X) was denoted by Sm X in [16] but, since we use the notation of [19] , we have replaced Sm X by Sm(X). The bornology of all finite subsets of X (the smallest bornology of X) is denoted by FB(X).
Definition 2.5 For a gts X, the admissibly compact bornology of X is the collection ACB(X) of all subsets of admissibly compact sets of the gts X. Definition 2.6 Let X be a gts. We say that a set A is topologically compact in X if A is compact in X top (cf. Definition 3.2 of [18] ). The compact bornology CB(X top ) (cf.
[7] and [19] ) will be called the compact bornology of the gts X and it will be denoted by CB(X).
Fact 2.7 For every gts
The following example shows that it can happen that Sm(X)∪CB(X) = ACB(X) and neither Sm(X) ⊆ CB(X) nor CB(X) ⊆ Sm(X).
Example 2.8 For X = R × {0, 1}, let Op X be the natural topology in X inherited from the usual topology of R and let Cov X be the collection of all families U ⊆ Op X such that U is essentially finite on R × {0}. Then, for A = [0; 1] × {1} and B = R × {0}, we have A ∈ CB(X) \ Sm(X) and B ∈ Sm(X) \ CB(X), while A ∪ B ∈ ACB(X) \ (CB(X) ∪ Sm(X)) .
For a set X and a collection Ψ ⊆ P 2 (X), we denote by Ψ X the smallest among generalized topologies in X that contain Ψ . If A ⊆ P(X), let EssCount(A) be the collection of all essentially countable subfamilies of A. We recall that EssFin(A) is the collection of all essentially finite subfamilies of A (cf.
[16]- [17] and [18] 
Remark 2.10
It is unprovable in ZF that, for every topological space (X, τ ), the collection EssCount(τ ) is a generalized topology in X. Namely, let M be a model for ZF + ¬CC(fin) where CC(fin) states that countable products on non-empty finite sets are non-empty (cf. Definition 2.9(3) of [8] ). In view of Proposition 3.5 of [8] , there exists in M an uncountable set X such that X is a countable union of finite sets. Let τ = P(X). If EssCount(τ ) were a generalized topology in X, the family of all singletons of X would belong to EssCount(τ ) which is impossible, since X is uncountable.
Let us observe that, for the gts X from Example 2.8, the admissibly compact bornology of X is generated by CB(X) ∪ Sm(X). That not every gts may share this property is shown by the following example:
Example 2.11 (ZF+CC) For X = ω 1 , let Op X be the topology induced by the usual linear order in ω 1 and let Cov X = EssCount(Op X ). Then Sm(X) = FB(X) = CB(X) = ACB(X) = P(X).
In what follows, for sets X, Y with Y ⊆ X and for Ψ ⊆ P 2 (X), we use the notation Ψ ∩ 2 Y from [16] for the collection of all families U ∩ 1 Y = {U ∩Y : U ∈ U} where U ∈ Ψ . We want to describe Ψ ∩ 2 Y Y more precisely in the case when Ψ ∩ 2 Y ⊆ EssFin(P(Y )).
To do this, we need the concept of a full ring of sets in Y that was of frequent use in [18] . Namely, a full ring in Y is a collection C ⊆ P(Y ) such that ∅, Y ∈ C, while C is closed under finite unions and under finite intersections. 
(ii) each family from Ψ X is essentially finite on Y .
Proof By applying Proposition 2.2.37 of [16] to the mapping id Y : Y → X, we obtain the inclusion
By Proposition 2.2.53 of [16], the collection G 3 is also a generalized topology in Y .
is a full ring of subsets of Y , we get G 1 ⊆ G 3 . This completes our proof to (i). Proposition 2.14 Let X be a gts. Then Sm(X) = Sm(X pt ), CB(X) = CB(X pt ) and ACB(X pt ) ⊆ ACB(X).
Proof The equality CB(X) = CB(X pt ) and both the inclusions Sm(X pt ) ⊆ Sm(X) and ACB(X pt ) ⊆ ACB(X) are trivial. Let X = (X, Op X , Cov X ) and let Ψ = Cov X ∪ EssFin(τ (Op X )). Suppose that Y ∈ Sm(X). Since each family from Ψ is essentially finite on Y , we infer from Proposition 2.12 that Y ∈ Sm(X pt ). (i) for a collection B ⊆ P(X), we define EF(L, B) = {U ⊆ L : ∀ A∈B {A ∩ U : U ∈ U} ∈ EssFin(P(A))};
(ii) for a topology τ in X and for a bornology B in X, the gts induced by the bornological universe ((X, τ ), B) is the triple gts((X, τ ), B) = (X, τ, EF (τ, B) ).
In the light of the proof to Proposition 2.1.31 in [17] , we have the following fact: 
3 B-(quasi)-(pseudo)metrization of gtses Definition 3.1 Let X be a gts and let S be either CB or ACB, or Sm.
Then we say that X is S-(quasi)-(pseudo)metrizable if X is (quasi)-(pseudo)metrizable with respect to S(X).
With Proposition 2.14 in hand, we can immediately deduce that the following proposition holds: Proposition 3.2 Let S be either CB or Sm. Then the following are equivalent for a gts X:
Remark 3.3
If X is a gts, then the ACB-(quasi)-(pseudo)metrizability of X pt is the (quasi)-(pseudo)metrizability of X pt with respect to ACB(X pt ), while the ACB-(quasi)-(pseudo)metrizability of X is equivalent to the (quasi)-(pseudo)metrizability of X pt with respect to ACB(X). We do not know whether the ACB-(quasi)-(pseudo)-metrizability of X is equivalent to the ACB-(quasi)-(pseudo)metrizability of X pt .
Definition 3.4 A gts
(i) locally small if there exists U ∈ Cov X such that U ⊆ Sm(X) and X = U (cf. Definition 2.1.1 of [17] ); (ii) weakly locally small if there exists a collection U ⊆ Op X ∩ Sm(X) such that X = U.
Our next theorem says about the form of the partial topologization of an Sm-(quasi)-(pseudo)metrizable gts X when X pt is locally small. 
Proof In view of Proposition 2.14, we have Sm(X) = Sm(X pt ). In consequence, it it is obvious that if X pt is induced by a (quasi)-(pseudo)metric d, then X is Sm-(quasi)-(pseudo)metrizable. Assume that X is Sm-(quasi)-(pseudo)metrizable and that d is a (quasi)-(pseudo)metric on X such that τ (Op) = τ (d) and Sm(X pt ) is the collection of all d-bounded sets. Since X pt is locally small, it follows from Proposition 2.1.18 of [17] that X pt is induced by d.
Fact 3.6 If a gts X is induced by a (quasi)-(pseudo)metric, then X is locally small and partially topological.

Fact 3.7 (i) If X is a locally small gts, then X pt is locally small. (ii) If a gts X is such that X pt is locally small, then X is weakly locally small. (iii) A gts X is weakly locally small if and only if X pt is weakly locally small.
In every model for ZF + CC, we are going to present a construction of an example of a weakly locally small gts X such that X pt is not locally small. For Ψ ⊆ P 2 (X), we put Ψ 0 = Ψ and, for n ∈ ω, assuming that the collection Ψn ⊆ P 2 (X) has been defined, we put Ψ n+1 = (Ψn) + where + is the operator described in the proof of 
Example 3.8 [ZF + CC].
Suppose that Y is an uncountable set. For n ∈ ω, we put Yn = Y × {n}. Let X = n∈ω Yn, Op X = {A ⊆ X : for each n ∈ ω A ∩ Yn ∈ FB(Yn)} ∪ {X} and Cov X = EF(Op X , {Yn : n ∈ ω}). The gts X = (X, Op X , Cov X )
is weakly locally small and not small. If X were locally small, then Y 0 would be a subset of a small open set (Fact 2.1.21 in [17] ), so Y 0 would be finite. Hence, X is not locally small. We have {Yn : n ∈ ω} ∈ EF(τ (Op X ), {Yn : n ∈ ω}) and all the sets Yn are small and open in (X, EF(τ (Op X ), {Yn : n ∈ ω})), so the gts (X, EF(τ (Op X ), {Yn : n ∈ ω})) is locally small. We put Ψ = Cov X ∪ EssFin(τ (Op X )). Then pt(Cov X ) = Ψ X is the generalized topology of X pt . By Proposition 2.12, Ψ X ⊆ EF(τ (Op X ), {Yn : n ∈ ω}).
Surprisingly, if CC holds, then X pt is not locally small and, in consequence, Ψ X ⊂ EF(τ (Op X ), {Yn : n ∈ ω}). To prove this, let us assume ZF + CC. It is easy to observe the following facts:
≤ω ∪ 1 Sm(X). Fact 2. Each Ψn(n ∈ ω) is closed with respect to restriction: Ψn ∩ 2 A ⊆ Ψn for A ⊆ X.
(Notice that τ (Op X ) = P(X) and n = 0 is the hardest case.)
For W ⊆ P(X), let us consider the following property:
P(W): W has an uncountable member and W ⊆ [X]
≤ω ∪ 1 Sm(X).
For n ∈ ω, let T (n) be the statement:
T (n): if W ∈ Ψn has P(W), then W is essentially finite on X \A for some countable
We are going to prove by induction that the following fact holds:
Proof Let W ∈ Ψ 0 have property P(W {V(U ) : U ∈ U} ⊆ Ψn are such that W = U∈U V(U ) and, for each U ∈ U, we have U = V(U ). Consider any U ∈ U. If every member of V(U ) is countable, then U ∈ [X] ≤ω because CC holds and V(U ) is essentially countable. Suppose V(U ) has an uncountable member. Since V(U ) has property P(V(U )), it follows from the inductive assumption that there is a countable set A(U ) ⊆ X such that V(U ) is essentially finite on X \A(U ). Then U ∈ [X] ≤ω ∪ 1 Sm(X) and U is uncountable. The above implies that U has property P(U). By the assumption, there is a countable A ⊆ X such that U is essentially finite on X \ A. Let U * ⊆ U be a finite family such that U * \ A = U \ A.
For each U ∈ U * , the set U is countable or V(U ) is essentially finite on U \ A(U ). This implies that there is a countable A(W) such that W is essentially finite on X \ A(W). Saturation step. Suppose that there exists V ∈ Ψn such that V = W and, for each V ∈ V, there exists a non-empty
≤ω ∪ 1 Sm(X). Since W has an uncountable member and V is essentially countable, also V has an uncountable member and has property P(V). By the inductive assumption, there exists a countable A(V) such that V is essentially finite on X \ A(V). Then W is essentially finite on X \ A(V), too.
Suppose that X pt is locally small. There exists W ∈ pt(Cov X ) such that W ⊆ Sm(X) and X = W. Since X is uncountable and W is essentially countable, at least one member of W is uncountable, so P(W) holds true. By Fact 3, there exists a countable A(W) such that W is essentially finite on X \ A(W). Then X \ A(W) ∈ Sm(X). This is impossible by Fact 1.
From Fact 3.7, taken together with Example 3.8, we deduce the following corollary: Corollary 3.9 In every model for ZF + CC, there exists a gts X such that X = X pt , while both X and X pt are simultaneously weakly locally small and not locally small.
We do not have a satisfactory solution to the following open problem:
Problem 3.10 Is it true in ZF that if the partial topologization of a gts X is locally small, then so is X? Proposition 3.11 Suppose that X = (X, Op X , Cov X ) is a gts and B is a bornology in X. Then the following conditions are equivalent:
(i) the gts X is (quasi)-(pseudo)metrizable with respect to B;
(ii) the gts (X, EF(τ (Op X ), B)) is Sm-(quasi)-(pseudo)metrizable and the collection τ (Op X ) ∩ B is a base for B.
Proof Assume that (i) holds. Then, by Theorem 4.7 of [19] , the collection τ (Op X ) ∩ B is a base for B. It follows from Fact 2.16 that B = Sm((X, EF(τ (Op X ), B))). In consequence, (i) implies (ii). On the other hand, we can use Fact 2.16 with both Definitions 1.6 and 2.15 to infer that (i) follows from (ii). 
In connection with strong Sm-(quasi)-(pseudo)metrizability, let us pose the following open problem: Problem 3.13 Find useful simultaneously necessary and sufficient conditions for a gts to be strongly Sm-(quasi)-(pseudo)metrizable. Definition 3.14 A (quasi)-(pseudo)metric gts is an ordered pair (X, d) where X = (X, Op X , Cov X ) is a gts and d is a (quasi)-(pseudo)metric on X such that τ (d) = τ (Op X ). The following proposition follows from Theorem 6.5 of [19] :
) is a (quasi)-(pseudo)metric gts. Then a bornology B in X is uniformly (quasi)-(pseudo)metrizable with respect to d if and only if B
has a base {Bn : n ∈ ω} such that, for some δ ∈ (0; +∞) and for each n ∈ ω, the inclusion [Bn]
Other conditions equivalent to uniform B-(quasi)-(pseudo)metrizability of (quasi)-(pseudo)metric gtses can be deduced from the results of [7] and from Section 6 of [19] .
Applications to examples
For x, y ∈ R, let dn(x, y) =| x − y |. We denote by τ nat the natural topology of R induced by the metric dn. Let CB nat (R) stand for the compact bornology of (R, τ nat ).
The topology u = {∅, R} ∪ {(−∞; a) : a ∈ R} is called the upper topology on R, while l = {∅, R} ∪ {(a; +∞) : a ∈ R} is called the lower topology on R (cf. [6] , [20] ). The following collections:
are simple examples of bornologies in R. Obviously,
Example 4.1 The topological space (R, u) is not quasi-metrizable (since it is not T 1 ) but it is quasi-pseudometrizable by ρu(x, y) = max(0, y − x).
(i) For the gts Ruu = (R, EF(u, UB(R))), one has ACB(Ruu) = Sm(Ruu) = UB(R). This is why Ruu is both ACB-and Sm-quasi-pseudometrizable by ρu. (ii) For the gts R ul = (R, EF(u, LB(R))), we have ACB(R ul ) = Sm(R ul ) = P(R).
Hence R ul is both ACB-and Sm-quasi-pseudometrizable by ρ u,1 = min{1, ρu}. (iii) The gts (R, EF(u, CB nat (R))) is equal to Ruu. (iv) The gts (R, EF(u, P(R)) is equal to R ul .
(v) The gts R uf = (R, EF(u, FB(R))) is not LB(R)-quasi-pseudometrizable because intuA = ∅ for each A ∈ LB(R). Here Sm(R uf ) is the collection of all sets A ∈ UB(R) such that every non-empty subset of A has its largest element. Similarly, R uf is not Sm-quasi-pseudometrizable. Since ACB(R uf ) = CB(R uf ) = UB(R), the gts R uf is ACB-quasi-pseudometrizable by ρu. (vi) Each of Ruu, R ul , R uf is CB-quasi-pseudometrizable by ρu.
Let us use the real lines described in Definition 1.2 of [18] as part of our illuminating examples for the notions of (uniform) B-(quasi)-metrizability in the category GTS.
Example 4.2 For x, y ∈ R, we put d n,1 (x, y) = min{dn(x, y), 1} and
Moreover, we define d (ii) For the usual topological real line R ut (cf. Definition 1.2(i) of [18] ), we have FB = Sm ⊂ CB = ACB and int nat A = ∅ for each A ∈ Sm(R ut ), so the gts R ut is not Sm-quasi-metrizable and it is ACB-metrizable by dn. The metric gtses (R ut , dn) and (R ut , d n,1 ) are ACB-uniformly metrizable. It follows from (i) that the metric gtses (R ut , d (vi) and (x) of [18] ). We have pt(Rom) = pt(R slom ) = pt(Rrom) = R st and CB ⊂ Sm = ACB = P(R). The real lines Rom, R slom , Rrom and R st are Smmetrizable by the metric d n,1 and they are CB-metrizable by the metric dn.
(vi) The gts Rom (cf. Definition 1.2(ii) of [18] ) is strongly Sm-metrizable by d n,1 .
A famous quasi-metrizable but non-metrizable Tychonoff space is the Sorgenfrey line, denoted here by R S . The topology τ S,r of R S is the the right half-open interval topology in R. The space R S is quasi-metrizable by the quasi-metric ρ S defined, for
x, y ∈ R, as follows:
By Example 4.12 of [19] , it is worthwhile to notice that the topology τ S,r is also induced by the quasi-metric ρ L defined, for x, y ∈ R, as follows: (iv) It follows from Theorem 1.9 that the gts R S ut is neither Sm-quasi-metrizable because τ S,r ∩ FB(R) is not a base for FB(R), nor ACB-quasi-metrizable (see below). canonical morphism id : X pt → X is such that all mappings f i • id are morphisms in Ge pt UBor. For any object Z of Ge pt UBor and a mapping h : Z → X pt , we can observe that if all f i • id • h with i ∈ I are morphisms, then id • h is a morphism of GTS, so pt(h) = h is a morphism of GTS pt . If all f i • id • h are bounded, then pt(h) = h is bounded, too. That BiUBor, GeUBor, SmUBor and Sm pt UBor are topological can be proved by using similar arguments.
Some other topological constructs, relevant to bornologies or quasi-pseudometrics, were considered in [3] and [21] .
